This paper considers the statistics of a plane wave scattered at low grazing angles from a one-dimensional rough surface, when the interaction with the surface is mainly in the forward direction. The mean intensity and autocorrelation of the scattered fiehi and the corresponding angular spectrum, to second order in surface height is found. The diffuse component of the spectrum vanishes with the square of the grazing angle, while the specular part approaches m]ity linearly. The higher moments of the field at the mean surface are also obtained. It is shown that to first order in the grazing angle the moments of the scattered field change only by a phase factor with distance into the medium, so that in the small angle limit the moments in the medium can be derived from those at the surface. The results depend explicitly upon the autocorrelation function of the surface and its first derivative.
INTRODUCTION
In the problem of wave scattering by a rough surface we usually seek a statistical description of the resulting field. The first two moments can be obtained by several methods such as the Kirchhoff approximation and perturbation theory, •-4 but fewer results are known for the higher moments and little progress has been made on the fundamental question of the probability density function. For further discussion the reader is referred to the excellent review of DeSanto and Brown?
At near-grazing incidence, the above approximations break down, although approaches such as the smoothing method s have been successfully applied in this rrgime. Further progress can be made, however, under the assumption that the field is predominantly due to forward scattering. The field can then be described by the parabolic equation approximation, and the usual Helmholtz equations may be replaced by the parabolic integral equation method. 6'7 This approach has proved very useful; for example it has allowed the development of accurate inverse scattering solutions, 8 '9 and the inclusion of channeling in the medium due to a linear refractive index profile. •ø'u In a previous paper •2 the mean field was obtained to second order in surface height.
In this paper we study the second and higher moments at near-grazing incidence and consider the angular spectrum.
We first find the moments of the field at the surface; the accuracy depends upon surface roughness and angle of incidence, and diverges for moments of high order. We then consider the second moment in the medium, which describes the mean intensity and autocorrelation of the field and its angular distribution. This is shown to be independent of distance from the surface, apart from evanescent components. It is found that the diffuse component of the angular spectrum vanishes with the square of the grazing angle, while the specular part linearly approaches unity. Although the approximation takes into account multiple scattering it cannot exhibit backscatter enhancement, because the restriction to forward interaction at the surface precludes reversible ray paths. Finally we show that to first order in the grazing angle the moments in the medium may be derived from those at the surface since the)' are unchanged apart from phase factors.
The results here are derived from expressions for the near-surface field given in Ref. 12. Powers and cross products of the field are formulated and averaged, and these are truncated at second order. This procedure is divergent for high powers, and this places a bound on the accuracy of the higher-order moments which is established below. It is assumed that multiple scattering at the surface takes place in the same direction as the forward-traveling incident field; scattering outward from 1.he surface is not subject to this restriction.
The paper is organized as follows: The preliminary equations are set out in Sec. I. In Sec. 11 the moments al the mean surface plane are foand and the accuracy of the binomial expansion is examined. The second moment in the medium is considered in Sec. III, where it is shown in effect to be independent of distance from the surface, and the corresponding angular spectrum is given. In Sec. IV the moments in the medium an• given to first order in grazing angle, and are shown in this case to ke related in a simple way to those on the surface.
I. PARABOLIC I-'QUATION METHOD AND PRELIMINARIES
We consider the problem of a scalar time-harmonic wave field p scatl:red from a one-dimensional rough surface h(x), with a pressure release boundary condition. (For electromagnetic waves this co•responds to s or TE polarization, and perfect conduclivity. ]it is applicable to corrugated surfaces provided polarization does not change under scattering.) The wave field propagates with wave number k, and is thus governed by ':he wave equation (V2+ k2)p =0. The field will be assumed to be incident and scatlered at small grazing 
where r' is again on the surface and r is now an arbitrary point in the medium. Here G is the parabolic form of the 
which holds provided the angles of incidence and scattering are fairly small with respect to the x direction. (G can also be obtained directly from the full free-space Green's function by the appropriate low-angle approximation.) We will invert
(1) to give the induced source &b/Oz at the surface, but the field in the medium will be related to this using the full wave equation rather than the integral (2). This allows scattering into all directions. Now, Eqs. (1) and (2) do not apply to the scattering of plane waves at small or negative x because of the truncated lower limit of integration, equivalent to the restriction on surface illumination. Nevertheless, we can formally apply the integral equation to a plane wave, to obtain a solution which will be asymptotically accurate and physically meaningful at large values of x. This procedure is used in Ref. 12 to derive the mean field. In the remainder of the paper we will assume that x is sufficiently large for this to hold. (It is easier simply to set the lower integration limit to -oo but we retain this form for consistency.)
Consider It is assumed that the surface is only slightly rough, so that there is a horizontal plane at z=z• close to all points on the surface h(x). For each x, the scattered field //J(X,21) may be expanded to second order in (z•-h) about h(x), and thus written in terms of the field itself and its first two derivatives at the surface. Of these, the field is given by the boundary condition, the first derivative is found by an analytical solution of Eq. (1) to second order in h, and the remaining term is solved similarly.
We thereby obtain the following [Eq. (23) 
A. Truncation of binomial expansions
In order to form the higher moments of the wave field we will take powers and polynomials of expressions such as [l+ae(x)+be2(x)], where ß is a small random function, and then average, and truncate at second order. This procedure is divergent for polynomials of high order, and we need to quantify the accuracy for given order in terms of e. Consider for simplicity the expression
where •./is of order e / for j = 1,2. We will suppose that ß./is random and that all odd-order terms (e.g., •1 and ß1ß2) have mean zero. The binomial expansion of (15) 
It is straightforward to evaluate this to second order in h, and thus obtain any of the moments at z=0. We will do this explicitly only for the most important cases. From ( Consider first the one-point moments M n (9) and intensity moments Mr, r (10), i.e., the moments of the field at a point due to a single incident plane wave. Expanding (27) and retaining terms to order o 2 , and averaging so that the 
Before impinging on the surface the reduced plane wave has deterministic autocorrelation function given by the phase term exp[ikS(x-x')]; this becomes modified by the autocorrelation function of the surface as described by Eq. (32).
As the grazing angle approaches zero this modification becomes vanishingly small, i.e., the rough surface appears as a perfect reflector, as is expected from other considerations (e.g., Refs. 2, 13). We will quantify this more precisely in the next section, where the diffuse component is shown to vanish more rapidly than the specular term 2 Re(To). 
where s = .j•2_ v2. We will exclude evanescent contributions to the field at z =0, and so we may assume that s is real. here has been normalized by k2o a. Figure 2(b) shows the same quantities for L =5. As would be expected the peak around the specular direction becomes broader as the correlation length decreases. A very small amount of backscattered energy (i.e., at negative angles) is visible in Fig. 2(b) , but no backscatter enhancement can be observed because, as discussed above, the formulation does not take account of reversible paths. Note that in each case the small scale structure in the fractal surface leads to greater scatter away from the specular direction compared with that of a Gaussian surface. Finally Fig. 3 shows the angular spectrum for a grazing angle of 7.5 ø , i.e., half that of Fig. 2 , again with correlation length L=10 and other parameters as in Fig. 2(a) . 
Consider

IV. VOLUME MOMENTS IN THE SMALL ANGLE LIMIT
Although we cannot easily obtain the general volume moments from those at the surface, the problem turns out to be trivial if the grazing angle is sufficiently small that its square can be neglected. In this limit the dependence of the moments upon distance from the surface is given purely by deterministic phase terms. 
